THE NON-COMMUTATIVE WEIL ALGEBRA 



A. ALEKSEEV* AND E. MEINRENKEN 1 ' 

Abstract. For any compact Lie group G, together with an invariant inner product on 
its Lie algebra g, we define the non-commutative Weil algebra Wg as a tensor product 
of the universal enveloping algebra U(g) and the Clifford algebra Cl(g). Just as the 
usual Weil algebra Wg = Sg* ® Ag* , Wg carries the structure of an acyclic, locally 
free G-differential algebra and can be used to define equivariant cohomology Hg(B) 
for any G-differential algebra B. The main result of this paper is the construction 
of an isomorphism Q : Wg — > Wg of the two Weil algebras as G-diffcrcntial spaces. 
Furthermore, we prove that the corresponding vector space isomorphism from the usual 
equivariant cohomology Hg{B) to the equivariant cohomology TLg{B) is in fact a ring 
isomorphism. This generalizes the Duflo isomorphism (Sg) G — U(g) G between the ring 
of invariant polynomials and the ring of Casimir elements. We extend our considerations 
to Weil algebras and equivariant cohomology with generalized coefficients, where the 
algebra U(g) is replaced by the convolution algebra £'(G) of distributions on G. 



1. Introduction 

Let G be a connected Lie group with Lie algebra g. The Duflo map is a vector space 
isomorphism Duf : S(g) — ► U(g) between the symmetric algebra and the universal en- 
veloping algebra which, as proved by Duflo 0, restricts to a ring isomorphism from 
the algebra of invariant polynomials S(g) G onto the center U(g) G of the universal en- 
veloping algebra. For semi-simple g the Duflo map coincides with the Harish- Chandra 
isomorphism. The Duflo map extends to a map of compactly supported distributions, 
Duf : £'(g) — > £'{G), which is a ring homomorphism for the C7-invariant parts. For gen- 
eralizations of Duflo's theorem see the papers of Kashiwara-Vergne |H| and Kontsevich 
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In this paper we will obtain analogues of the Duflo map and of Duflo's theorem in 
the context of equivariant cohomology of G-manifolds. Our result will involve a non- 
commutative version of the de Rham model of equivariant cohomology. Throughout we 
will assume that the group G is compact. Let 

W G = Sg* <g> Ag* 

the Weil algebra. Given a basis e a of g let f^ b the structure constants of g, and denote 
by v a , y a the generators of Sg* and Ag* corresponding to the dual basis. The coadjoint 
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action of G on g* induces an action on Wg, with generators L a . Let derivations t a be 
given on generators by i a y h = b~ h a and i a v b = 0. In 0, H. Cartan shows that the derivation 

(1) dy a = v a -±f» k yiy k , dv a = -f° k y j v k 

gives Wg the structure of a G-differential algebra. In particular, d is a differential and 
[i ,d] = L a . 

Suppose g comes equipped with an invariant inner product, used to identify g = g*. 
Let C1(q) be the corresponding Clifford algebra and let the non- commutative Weil algebra 
be its tensor product with the universal enveloping algebra: 

Take the basis e a to be orthonormal, and let u a ,x a be the corresponding generators of 
U(g) and Cl(g). Again Wg carries a G-action induced by the adjoint action; let L a be 
its generators and let i a be the derivation extension of i a x b = 5 ab and i a u b = 0. We 
show that there exists a derivation d on Wg which on generators is given by formulas 
analogous to ([!]): 

(2) dx a U a ~fajk%j%ki dtt a fajk-Ej'U'k- 

Moreover Wg is still a G-differential algebra, that is, d squares to zero and Cartan's 
formula continues to hold. A new feature is that the derivations L a , L a , d can be written 
as commutators. In particular, d = ad(£>) where 



squares to the quadratic Casimir element 

1 i 

® 2^a^a f abc f abc- 

The latter is naturally interpreted as a Laplace operator on G and D as a Dirac operator. 

The main result of this paper is the construction of a vector space isomorphism Q : 
Wg — > Wg (called the quantization map) which intertwines the derivations L a ,L a , d. Put 
differently, Q induces a second, non-commutative algebra structure on the Weil algebra 
for which L a ,L a ,d continue to be derivations. On the symmetric algebra Sq ® 1, Q 
restricts to the Duflo map while on the exterior algebra 1 <g> Aq, it restricts to the inverse 
of the symbol map a : Cl(fl) — ► Aq. However, Q is not the direct product Duf ®a~ l but 
has the more complicated form 

Q = (Duf (gicr -1 ) o exp(-^T ab i a i b ) 

where T ab is a certain solution of the classical dynamical Yang-Baxter equation || . 

We also consider Weil algebras with generalized coefficients, Wq = £'(&*) ® Ag* and 
Wg = £'(G) Cl(fj). Here Sg* is identified with the subalgebra of £'(g*) consisting of 
distributions with support at the origin and U (g) with the subalgebra of £'{G) consisting 
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of distributions with support at the group unit. The quantization map extends to a map 
Q : Wq — ► Wg which still intertwines the derivations L a , L a , d but is no longer an 
isomorphism. 

Given any G-differential algebra B, for example the de Rham complex Q*(M) of a G- 
manifold M, the equivariant cohomology Hg(B) is defined as the cohomology algebra of 
the basic subcomplex of Wg®B. It is a module over the ring (Sg*) G of invariant polyno- 
mials. Replacing Wq with Wg, Wg, Wg we also define equivariant cohomology algebras 
H G (B), TCg(B), H g (B), which are modules over the rings £'(g*) G , U{q) g , £'{G) g , re- 
spectively. 

The quantization map Q induces a vector space isomorphism Q : Hg(B) — > Hg{B) 
and a linear map Q : Hg(B) — > Hg(B). Our second main result is that both of these 
maps are ring homomorphisms. For B = M this is the Duflo theorem for compact G. 

In the case B = Q(M) where M is a compact oriented G-manifold, there is a push- 
forward map J : 7Yg(^(^0) ~~ > S'(G) G . In a sequel to this paper, we will explain how 
the localization formula in equivariant cohomology (see 0) carries over to give a 
formula for the Fourier coefficients of this map. 

In another sequel H we use the equivariant cohomology groups Hg(Q(M)) to construct 
Liouville forms for Lie group valued moment maps, with applications to moduli spaces 
of flat connections on surfaces. 



Acknowledgments. We would like to thank N. Berline, R. Bott, P. Etingof, V. 
Guillemin, B. Kostant, A. Recknagel, S. Sternberg, M. Vergne and C. Woodward for 
many stimulating discussions. We are particularly indebted to Michele Vergne for the 
important suggestion of using the duality between the Weil algebras Wg, Wg and spaces 
of differential forms Q(g),Q(G). In particular, this idea improved the result about the 
ring structures in Section ||. 



2. Review of the Weil algebra 

In this section we review H. Cartan's algebraic version of equivariant de Rham theory. 
Following more recent references (e.g. |18|, [12], |1(]]) we will phrase his theory in "super" - 



terminology. Throughout this paper we work over the field M of real numbers, and 
"algebra" will always mean algebra with a unit element. 

2.1. Super-notation. A super-vector space is a vector space B together with a linear 
map (parity operator) e G End(£>) satisfying e 2 = Id#. The +1 eigenspace of e is 
denoted B even and the —1 eigenspace B odd . A homomorphism of super- vector spaces 
is a linear map preserving Z2-gradings. Ungraded vector spaces B will be viewed as 
"super" by putting B = B even . The tensor product of two super- vector spaces Bi,B 2 
is a super-vector space. If Bj are super-algebras this tensor product denotes the super- 
s-graded) tensor product. Similarly commutators [a, b] = ad(a)6 in a super-algebra 
always mean super-commutators, derivations always mean super-derivations. The space 
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Der(B) of derivations of a super-algebra B is a super-Lie algebra, and there is a super-Lie 
homomorphism ad : B — > Der(5). An odd derivation d G Der(5) is called a differential 
if d o d = 0. 

For any element b G -B we denote by 6 L the operator of left multiplication by b and by 
b R the operator by graded right multiplication. Thus ad(fe) = b L — b R . For commutative 
super- algebras we drop the superscripts. 

By a graded super- vector space we mean a Z-graded vector space B* = B k , viewed 
as a super- vector space by putting e = (— l) k on 5 fc . A filtered super- vector space is 
defined to be a super- vector space B = B^*\ together with an increasing Z-filtration 

. . . C B ik) C B ik+1) C . . . 

such that e(B^) C for all fc and the associated graded space Gr*(_B), with Z 2 - 
grading induced from e, is a graded super-vector space. 

2.2. G- differential algebras. Let G be a compact, connected Lie group with Lie alge- 
bra g. Choose a basis e a of 0, and let e a G g* be the dual basis. Let f° b be the structure 
constants defined by 

Let fj* be the graded super-Lie algebra defined as follows. As vector spaces g° = g -1 = g, 
while g 1 = R and g fe = {0} for k ^ —1, 0, 1. Letting L„, t a denote the basis elements in 
0°, g" 1 corresponding to e a and d the generator of g 1 the bracket relations are defined 

as 

[L a , tft] — 
[L a , L b ] = 

K,d] = 

For any G-manifold M there is a natural representation of g on the commutative super- 
algebra of differential forms B = Q*(B), where i a are interpreted as contractions with 
generating vector fields 

d 

(e a ) M ■= ^|t=oexp(-te a )* 

on M, L a as Lie derivatives, and d as the exterior differential. More generally, one 
defines: 

Definition 2.1. A G- differential space is a super-space B, together with a super Lie 
algebra homomorphism p : g — > End(B). The horizontal subspace Bh or is the space 
fixed by g _1 , the invariant subspace B G is the space fixed by g°, and the space B^asic 
of basic elements is their intersection. If B is graded/filtered and the map p preserves 
degrees/filtration degrees we call B a graded/ filtered G- differential space. A G-differential 
algebra is a super-algebra B, together with a structure of a G-differential space such that 
p takes values in derivations of B. 



fab l c, 

fabLc, 

L a 
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Definition 2.2. A homomorphism between (graded/filtered) G-differential spaces/alge- 
bras {Bi.pi) and (B 2 ,p2) is a homomorphism of (graded/filtered) super-spaces/algebras 
4> : B\ — > B2 with Ao p 1 = p 2 . 

The idea of a G-differential algebra was introduced by H. Cartan in ||, Section 6 and 



appears in the literature under various names. We follow the terminology from fP7| . 
although in this reference it is also required that B carries a (Frechet) topology and the 
representation of g° = g exponentiates to a differentiate G-action on B. Obviously, the 
associated graded algebra of any filtered G-differential algebra is a graded G-differential 
algebra. 

The basic examples for G-differential algebras are as follows. We will always write 
t a , L a , d in place of p(i a ),p(L a ) and p(d). 

Example 2.3 (Trivial G-differential algebra). The trivial G-differential algebra is M. with 
the trivial representation p = 0. If (B, p) is any (possibly graded or filtered) G-differential 
algebra, the injection 

r^b, tt-*ti, 

where I G B is the unit element, is a homomorphism of (graded/filtered) G-differential 
algebras. This follows since every derivation annihilates the unit element. 



Example 2.4 (Exterior algebra). Take B = Aq*, equipped with the coadjoint G-action. 
Let y a G A x g* be the basis elements corresponding to e a , let i a = i(e a ) be the contraction, 
L a the Lie derivative L a = —f^ b y b L c , and let d be given by Koszul's formula 

(3) <l = - l -tt c y b y c La = \y a L a . 

Then dod = and [i a , d] = L a so that Aq* is a G-differential algebra. Since G is compact, 
every cocycle has a representative in the invariant part (A*g*) G . Since d vanishes on this 
subspace it follows that if*(Ag*,d) = (A*g*) G • 



Example 2.5 (Weil algebra). Let Sq* be the symmetric algebra, equipped with the G- 
action induced by the coadjoint action of G on q*. If we denote by v a G S x q* the 
generators corresponding to the basis e" 6 j*, the Lie derivative is given by the formula 

LaV C = -f C ab V b . 

The Weil algebra is the graded commutative super-algebra Wq = (B^qWq, where 

j+2k=l 

We will write v a in place of v a ® 1 G Wq and y a in place of 1 ® y a G Wq. Let Wq be 
equipped with the diagonal G-action and corresponding Lie derivative L a = 1 <g> L a + 
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L a ® 1 G Der°(iy G ). Let i a = 1 <g> i a G Der 1 {W G ), and let the differential on W G be 
given by the formula 

(4) d = y a (L a ® 1) + (y a - If^yVW 



On generators, 



2' 

dl/ a = v a -\f^y\ 
dv a = -fj k y j v k . 

It is easily verified that [t a , d] = L a and d o d = so that W G has the structure of a G- 
differential algebra. Cartan shows in || that (Wq, d) is acyclic, that is, H k (W G ) = for 
k 7^ 0, = IK.- The horizontal algebra is (WcO/ior — S'fl* and the basic subalgebra 

is the algebra of invariant polynomials (Sg*) G . 

2.3. Algebraic connections. A G-differential algebra B is called locally free if there 
exists an element 9 = 9 a e a G (B odd ® g) G , called (algebraic) connection form with 

t a 9 = e a . 

If B is graded/filtered we require in addition that 9 G (B 1 ®^ resp. 9 G (£ (1) <8>fl) G . The 
invariance condition means that L a 9 c = —f^ b - The G-differential algebra B = Q*(M) is 
locally free if and only if the G-action on M is locally free. In this case 9 a are connection 
forms in the usual sense. Note that the basic subcomplex B^ asic is naturally isomorphic 
to the differential forms on the quotient space: 

B* basic = Q*(M/G). 

The exterior algebra B = Aq* is locally free, with connection forms 9 a = y a . The Weil 
algebra Wq is locally free, with connection forms 9 a = y a . Together with acyclicity this 
motivates the interpretation of Wq as the algebraic model for the de Rham complex of 
the classifying bundle EG. 

2.4. Equivariant cohomology. Given any two G-differential algebras B\ and B 2 , the 

tensor product Bi (g) B 2 is naturally a G-differential algebra. If B\ is locally free then 
the tensor product B\ ® B 2 is locally free. In particular, Wq ® B is locally free for any 
G-differential algebra B. This motivates the following definition. 

Definition 2.6. Let B be any G-differential algebra. The equivariant cohomology of B 
is super-algebra defined as the cohomology of the basic subcomplex, 

H G {B) := H((W G (g) B) basic ). 

If B is a graded/filtered super-algebra then H G {B) inherits a grading/filtration. 

In the special case B* = Q*(M), and if G is compact, it can be shown that H G (Q*(M)) 
equals the topological equivariant cohomology H G (M) := H*(EG x G M). For non- 
compact G this statement is false in general. 

Remarks 2.7. a. If B is locally free, H G (B) = H(B basic ). 
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b. The equivariant cohomology of the trivial G-differential algebra is H G (R) = (Sg*) G . 

Any homomorphism of G-differential spaces/algebras : B\ — > B 2 induces a super- 
space/algebra homomorphism H G (Bi) — > H G (B 2 ). It follows that for any G-differential 
algebra B, the natural homomorphism K. — > B induces an algebra homomorphism 
Hc(^) — > Hq{B) making Hg(B) into a module over the ring of invariant polynomi- 
als Hg{M.) = (Sg*) G . If M is an oriented compact manifold, the integration map 
f M : Q*(M) — > R is a chain map, and therefore defines an equivariant linear map 
f M : H G (M) - S(g*) G . 

Definition 2.8. Two homomorphisms 0i,02 : B\ — > B 2 between G-differential spaces 
are called G-chain homotopic if there an odd linear map h : B\ — > _B 2 which commutes 
with contractions t a and Lie derivatives L a and which satisfies [d, /i] = 0i — 02- 

If 0i,02 : -Bi — > B 2 are chain homotopic homomorphisms of (^-differential spaces, 
then the induced maps in cohomology coincide. 

3. The non-commutative Weil algebra 

All of the examples of G-differential algebras discussed in the previous section are 
super- commutative. In this section we will consider two non-commutative examples: 
The Clifford algebra CI (5) and its tensor product with the universal enveloping algebra, 
tf(0)®Cl( fl ). 

3.1. The Clifford algebra. Suppose that g comes equipped with an invariant inner 
product, used to identify g = g*. Let C\(g) be the Clifford algebra of g, i.e. the quotient 
of the tensor algebra by the ideal generated by all (/i, /i) — 2/i <g> \x with /iGg. It inherits 
from the tensor algebra a natural Z2-grading and filtration, 

R = C1 ( %) C Cl (1) (g) C ... . 

The filtration and grading are compatible, so that Cl(fl) is a filtered super-algebra. There 
is a canonical isomorphism 

Gr*(Cl(fl)) = A* . 

Let us choose the basis e a of g to be orthonormal so that e a = e a . Using the metric to 
pull down indices we write f a b c = f£ b . If we denote the generators of Cl(jj) corresponding 
to e a by x a the defining relations are [x a ,x&] = 5 a 6- 

The symbol map a : Cl(fl) — > Ag is the vector space isomorphism given on generators 

by 

<j{x h ...x jk ) = yjl A...Ay Jk 

for ji < . . . < jk- It does not depend on the choice of basis. 

Henceforth we will sometimes drop a from the notation and just think of Cl(fl) as Ag 
with a different product structure 0, defined by 

yQy' = a(a- 1 (y)a- l (y')). 
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The operators of Clifford multiplication by x a from the left or right become 

(5) Xa=Va + l,La, X* = y a - ^L a . 

The relation between Clifford multiplication and exterior multiplication is described in 
|L5] , Theorem 16: Let l\ and t 2 be the contraction operators for the first resp. second 
factor in Ag Ag. 

Lemma 3.1. The algebra structure on Ag induced by the symbol map is the map : 
Ag0Ag — > Ag given by composition of the operator exp(— on Ag® Ag with exterior 
multiplication on Ag. 

Proof. Since the product is associative, it suffices to check a(xx') = a(x) a(x') for 
the case x = Xj for some j, and x' = Xj 1 . . .Xj k with j\ < • • • < 3k- 111 both of the 
sub-cases j G {ji, . . . ,jk} and j G" {ji, . . . ,jk} this is easily verified. □ 

Let us now consider the G-action on Cl(g) induced by the adjoint action on g. The 
corresponding Lie derivative is a commutator L a = ad(g a ) with 

(6) g a = —farsXrXs G Cl (2) (g). 

Let 

7 = ^Xa9a = --fabcX a X b X c G Cl (3) (g) G . 
6 O 

Proposition 3.2. T7ie Clifford algebra Cl(g) wif/i derivations 

i a = ad(x a ), 
L a = ad((/ ), 
d = ad(7) 

is a filtered G- differential algebra, having Ag as its associated graded G- differential al- 
gebra. The cohomology is trivial in all filtration degrees (except if g is abelian, in which 
case d = 0). 

Proof. The required commutation relations for the operators L a , i a and d follow from 
those for the elements g a ,x a and 7. For example [g a ,j] = L a ^ = shows [£ a ,d] = 0, 
and [x a ,j] = i a 7 = g a shows [a , d] = 0. The only non-trivial commutation relation to 
check is that [d, d] = 0, or equivalently that [7, 7] = 2j 2 is in the center of Cl(g). In fact 
7 2 is a scalar (cf. Kostant flT5fl): 

(7) 7 fabcfabc- 

To see this we compute the symbol o~{^ 2 ) = (7(7) (7(7) using Lemma |3.1| . Here (7(7) = 
— \fabcVaVbyc- The terms (7(7) and L a L b a(-y) square to zero since they have odd degree, 
and the term L a a{pf) = a(g a ) squares to zero by the Jacobi identity. Since 

^{-\tfa?<l) ® ^(7) = -^DMl) ® a( 7 ) = -^/ a6 c/a6c 
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Equation (|7]) follows. This shows that the operators d, L a and i a define a representation 
of g on C1(0). To verify that these operators have the required filtration degrees we check 
on generators: 

-La-Eb fabc-^ci L a X b &abi dx a "^fars-^r^s- 

These equations show also that the associated graded G-differential algebra on A*g = 
Gr*(Cl(g)) is the standard one. Finally, to see that the cohomology of (Cl(g), d) is trivial 
(if g is non-abelian) we note that 



[d, 7 ] = [ 7 , 7 ] = 2 7 2 = — / ab J, 



-1 x . 

abci 



24 
so that 

rr -24 

:= 1 — f — 7 

J abc J abc 

is a homotopy operator. □ 

Below we will need the following description of the differential d = ad (7) in terms of 
the identification a : Cl(g) = Ag. It shows that ad (7) is the Koszul differential plus an 
extra cubic term: 

Proposition 3.3. Under the identification Cl(g) = Ag by the symbol map, 

1 1 

ad(7) = --fabcVbVc^a ~ ^fabc^a^c- 

Proof. Using (H) we compute 

i L = -^fabc((ya + ^a)(yb + ^b)(yc + ^c)) 

1 R = -^fabc{{y a -^ a )(y b -^L b ){y c ~h c )). 

Taking the difference ad(7) = 7 L — j R , the terms cubic and linear in y a 's cancel, and the 
remaining terms yield the Proposition. □ 

3.2. The non-commutative Weil algebra. Let U(q) be the universal enveloping al- 
gebra, with its natural filtration R = U^°'(g) C U^(q) C . . . . The associated graded 
algebra is Gr* U (g) = S*q. We denote the generators of U(g) corresponding to e a G g by 
u a . The extension to U(q) of the adjoint action has Lie-derivative L a = ad(w a ). Define 

a filtered super-algebra Wq\ where 

Wg = f/ (fc) (0)®Cl^(g), 

j+2k=l 

equipped with the diagonal G-action. Then Gr* (Wg) = Wq is just the usual Weil 
algebra, using the identification g* = g. We will show that Wq has the structure of a 
filtered G-differential algebra. 
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The generators u a = u a <g> 1 and x a = 1 £g> x a have degree 2 and 1, respectively. 
The Lie derivatives are L a = ad(u a + g a ), and the derivations i a on Cl(g) extend to 
derivations t a on Wg- The basic subspace of Wg for the derivations t a and the G-action 
is (yVG)basic = U(q) g <S> 1. In particular, (Wajbasic is a subspace of the center Z(Wg)- 
Introduce an element D G (W^) 6 * by 

D := x a M a + 7. 



Proposition 3.4. T/ie square D 2 is given by 



2) 2 = \u a U a + 7 2 = ^MaMa ~ ^fabcfabc- 

Z Z 4o 



Proof. We calculate: 



£> 2 = i[D,D] = ^[u,,!,,,?!^] +7 2 + [w a a;a,7] 

= + hu a ,U b )x a X b + 7 2 + U a [x a ,~f] 

1 X x 2 

= -Ma«a + -JabcUcXaXb + 7 + 

1 2 

= + T • 



□ 



Remark 3.5. As suggested by the formula for £> 2 , the element 2) may be viewed as a 
Dirac operator. Indeed let C1(T*G) be the Clifford algebra bundle for the left-invariant 
Riemannian metric on G which coincides with the given inner product on g = T e G. 
Identify x a with left-invariant sections of C\(T*G) and e a with left-invariant (co-)vector 
fields. Let = Vg a denote covariant derivatives with respect to left-trivialization. 
The operators satisfy the commutation relations [V„, V&] = fabc^c an d [Ve a ,Xb] = 
0. Hence setting u a = V„ we identify U(g) <S> Cl(g) with an algebra of left-invariant 
differential operators acting on the bundle AT*G. Furthermore V a = V„ — \f a bcXb%c 
becomes a left-invariant connection and D = x a V a the associated Dirac operator. (It 
is not the de-Rham Dirac operator, however.) The above Dirac operator appears in the 
Physics literature, see Frohlich, Grandjean and Recknagel [[J (Section 3). 

A generalization of this Dirac operator, with fascinating applications to representation 



theory was considered by Kostant |TS |. 

Since D 2 G (WG)basic is a central element, d := ad(2D) is a differential. On generators, 

1 

2" 

which shows that d has filtration degree 1. 



dx a U a n fajk-Ej-Eki 
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Theorem 3.6. The non- commutative Weil algebra W G , equipped with derivations 

i a = &d(x a ), 
L a = ad(u a + g a ), 
d = ad(D) 

is a filtered G- differential algebra, with associated graded G- differential algebra equal to 
the standard Weil algebra Wg (identifying g* = g). 

Proof. We have already shown that [d, d] = 0. Since D is G-invariant, [g a , D] = L a D = 
so that [L a , d] = 0. Furthermore 

[x a ,®] = u a --f ars x r x 3 = u a + g a 

shows [i a ,d] = L a . All other commutators are obvious. The formulas for d,L a ,L a on 
generators show that the associated graded G-differential algebra is just the standard 
one on Wg- □ 

To compare the differential on Wg with the differential on the commutative Weil algebra 
W G , use the symbol map to identify W G = U(g)® Cl(g) = U(g) <g> Ag. 

Proposition 3.7. Under the identification o : Wg — U(g>) ® Ag, the non- commutative 
Weil differential is given by the formula 

d W = y a (L a <g> 1) + y 2 a ~ ^fabcybycYa - ^fabc^a^c- 

Proof. Using (H) we compute: 

nd(x a u a ) = (y a + ^t a )u^ - (y a - ^t a )u^ 
= (u L a - U K)y a + ^(u L a + U K)L a . 



Together with Proposition |3.3| this proves Proposition [377]. □ 

Definition 3.8. If B is any G-differential algebra define the cohomology H,g{B) as the 
super- algebra 

H G (B):=H((W G ®B) bastc ,d). 
If B carries a filtration B = flW then H G (B) inherits a filtration H { * ] {B). 

Any homomorphism B\ — > B2 of (filtered) G-differential algebras induces an homo- 
morphism of (filtered) super- algebras Hg(Bi) — > H.g(B 2 ). In particular, for any G- 
differential algebra B the natural embedding R — > B^°\ t 1— > tl makes TLg(B) into an 
algebra over the ring of Casimir operators W G (R) = t/(g) G If M is an oriented compact 
manifold, the integration map J M : Q(M) — > R induces a linear map in cohomology, 
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4. The Cartan model 

In |J, Section 6 Cartan shows that the equivariant cohomology of a G-differential 
algebra can be computed in an equivalent, simpler "model" Cq(B) := (Sg* (g> B) G with 
differential d^ = 1 ® d — v a <8> i a . The goal of this section is to develop a similar Cartan 
model for T~Lg(B). We first review the standard Cartan model, following the exposition 
in Guillemin-Sternberg [ |I0|j . 

4.1. Cartan model for H G (B). A simple and transparent way of obtaining the Cartan 
model from the Weil model was found by Kalkman |12| , following earlier work by Mathai- 
Quillen Let the Kalkman operator <fr be defined by 

= exp(y a <g> L a ) : W G ®B^W G ®B. 

One checks that y a <S> i a G Der(Wc (g> B) is an even derivation so that <fi defines an 
algebra isomorphism (preserving degrees/filtration degrees if B is graded/filtered). The 
key property of the Kalkman map <fi is as follows. 

Proposition 4.1 ([0, Eq. (1.23)). The conjugate of the contraction operator i a = t a <S> 
1 + 1 Cg) i a under the map (f) is 

Ad^ L a = t a ® 1. 
Proof. This follows by writing Ad^ = £V 4, ad- J (y T ' <8> £r) an d 

ad(?/ r g) tr)(i a ® 1 + 1 ® ia) = "I <£> 4 ) 



^ad(y r ®i r )(i a Ol + l®i a ) = 0. 



□ 



Since the kernel of the operators i a <g> 1 is just Sg* ® 5, it follows that restricts to an 
algebra isomorphism (Wg <8> B)h or —> Sg* <S> -B, and by equivariance it restricts further 
to an algebra isomorphism (Wg <8> B) basic C G (B) = (Sg* ® £?) G . 

The algebra isomorphism (Wg <8> B)b asic — > C G (B) is due to Cartan || and Mathai- 
Quillen |18j while the extension to an algebra automorphism of Wg <8> f)(M) is due to 



Kalkman ||12|| . It can also be described as follows. Let 

be the horizontal projection. On the invariant subspace {W G ® B) G , the Kalkman map 
agrees with the operator Ph or <£> 1 since 

exp(y a ® t a ) = JJ(1 + / ® t/9 ) = JJ(1 - y% ® 1) = JJ(tV ® !) = P ^ ® 1. 

/3 j9 

(We use the convention that we sum over roman indices but not over greek indices.) The 
Cartan differential dc is defined by the condition 

d G O (Phor ® 1) = (Phor ® 1) O (d <g> 1 + 1 <g> d) 
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on (Wq ® B) hasic . Recall formula (|) for d <8> 1. Application of P} lor ® 1 annihilates all 
terms involving y' a s, and on the subspace (Wq ® B)b asic , the operator v a (L a ® 1) may be 
replaced by — v a (l ® t a ) which then commutes with (Phor ® 1)- Hence 

(P hor <g> 1) o (d ® 1 + 1 ® d) = (1 ® d - w a <g> t a ) o (P hor <g> 1) 

on (W G ® B) basic . Therefore 

d G = 1 d - v a ® t a : C G (M) -> C G (M). 

Thus, the equivariant cohomology H G (B) can be computed as the cohomology of the 
complex (C G (P),d G ): 

H G (B)=H(C G (B),d G ). 

4.2. Cartan model for 7ia(B). We now describe the Cartan model for the equivari- 
ant cohomology TCg(B). Let B be any G-differential algebra. The non-commutative 
analogue of the Kalkman isomorphism is the G-equivariant operator 

<p : = exp(x a ® i a ) : W G ® B -> W G <g> 5. 

Note that if P is filtered, the map preserves filtration degrees. By a calculation parallel 
to that for the usual Weil algebra, coincides on (W G ® B)h or with the operator Ph or ® 1 
where P/^ : W G — > C/(fl) is the horizontal projection 

Phor = Yl l p x i = II L P VP' 

P 



Likewise, the proof of Proposition [4.1| carries over to show that 

Ad^ L a = L a ® 1. 

Thus (ft defines a vector space isomorphism (W G <S>P)hor — * U(g)®B, and by equivariance 

{W G ® B) basic = ([/(g) ® Bf. 

We call C G (P) := (P(fl) ®B) G the non-commutative Cartan model. The new differential 
d G on Cg{B) is once again be obtained from the condition 

d G o (P hor ® 1) = (P hor ® 1) o (d ® 1 + 1 <g> d) 

on (yVG®B) bas ic- One can read off an expression for d G from Proposition pT7| : Application 
of (Phor ® 1) annihilates all terms involving y a 's, and on the subspace (W G <8> B) bas i C we 
may replace t a <8> 1 by — 1 ® L a which then commutes with (Phor ® 1)- 
Hence we have shown: 

Proposition 4.2. TTie differential <i G on C G (P) = (C/ (g) ® B) G is given by 

dG = 1 ® d- ]-(ul + «f) ® L a + ^fabc{^ ® M&O- 

In particular, d G o d G = on C G (P). 

It follows that the equivariant cohomology TCg(B) of any G-differential algebras is 
equal to the cohomology of the complex C G (P) with differential d G . 
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4.3. Ring structure of the non-commutative Cartan model. In contrast to the 
commutative Weil model the non-commutative Kalkman map is not an algebra isomor- 
phism (since x a <g> i a is not a derivation). In this section we compute the new algebra 
structure on the Cartan model Cg{B) induced by the Kalkman map. 

Suppose B is a G x G-differential algebra. Passing to the diagonal action it becomes 
a G-differential algebra. The ring structure for W G defines a natural map (W GxG ® 
B) basic —* (W G ® B) basic , where on the left hand side mean basic elements for the G x en- 
action and on the right hand side for the G-action. Correspondingly, we obtain a chain 
map between Cartan models, 

7 : c GxG (b)^c g (b). 

Proposition 4.3. For any G x G- differential algebra B , the map between Cartan models 
induced by the ring structure of W G reads 

(Mult [7(s) ®1) o exp(-i(l ® till)) : C GxG (B) - C G (B) 

where (Mult{/( fl ) is the multiplication map for the universal enveloping algebra U(q). 

Proof. Let Multyv G = Mult{/( B ) <8> Multci( s ) be the multiplication map for W G . The map 
7 is defined by the condition 7 o (Ph or <8> 1) = (Phor <S> 1) (Multyv G <£>1) on basic elements 
(VVgxg ® B)t, asic . According to Lemma |3~T| , under the identification o : Cl(jj) = Ag, 
Clifford multiplication is given by composition of the operator exp(— \i\v%) followed by 
wedge product. On basic elements, we can replace L° a ® 1 by — (1 ® t, 3 a ), and therefore 
exp(— \{f}gi? a ® 1)) with exp(— 1(1 ® ^D), which then commutes with P hor ®1. □ 

For any G-differential algebra B define an associative ring structure on C G (B) as 
follows. Let Lq, i 2 a be the contraction operators on B ® B with respect to the first and 
second G-factor. Define a new ring structure on B as a composition of the operator 
exp(— 2^0) 011 B®B with multiplication map B®B — ► B. The ring structure extends to 
a ring structure © on the Cartan model C G (B). It follows from Proposition [O] (applied 
to B®B) that the ring structure on C G (B) is a chain map for d G , or equivalently that 
d G is a derivation for ©. 



5. Generalized coefficients 

We will often find it useful to embed commutative and non-commutative Weil alge- 
bras into "Weil algebras with generalized coefficients". This point of view will make 
many of the subsequent constructions much more natural, and also it is dictated by the 
applications to moment map theory developed in |L|. 

We point out that already for the commutative Weil model, we introduce generalized 
coefficients in a way different from Kumar- Vergne [I7| since we are working in the Fourier 
transformed picture. 
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5.1. The Weil algebra with generalized coefficients. Let £'(g*) be the convolution 
algebra of compactly supported distributions on g*. The subalgebra of distributions with 
support at the origin is canonically isomorphic to Sg*, by identifying the generators v a 
with 



dt 



0~te a — <5o- 

t=0 (jfi a 



We view the coordinate functions \i a as multiplication operators (/vu, 0) = (u,fi a 4>). 
Then [fi a ,v b ] = 5 b a and the Lie derivative L a for the conjugation action on £'(g*) can be 
written 

(8) K = />Vc 

The Weil algebra with generalized coefficients is the G-differential algebra 

W G = £\g*)® A *, 

where the differential is given by formula The multiplication map on W G extends 
to a map 

MuhV : W GxG -> W G 

from the completion W GxG of W G <8> W G . This map is the direct product of the push- 
forward under the addition map Add* : £'(g* x g*) ^ £'(d*) on the distribution part 
and the multiplication map on the exterior algebra part. 

Given a (^-differential algebra B we define the cohomology with generalized coefficients 
as the super-algebra 

H G {B) :=H{{W G ®B) 

basic ) • 

It is naturally a module over the ring H G (M>) = £'(g*) G of invariant compactly supported 
distributions. The embedding S(g*) £'(g*) induces a natural embedding W G > W G 
and for any G-differential algebra B a map in cohomology H G {B) — > H G (B). 

The Weil differential simplifies if we conjugate it by the function r G C°°(g*,Ag*) 
given as 

(9) r (/i) = exp(-l/ 6 > a2/ y) 
where /x = /i a e a . 

Lemma 5.1. The conjugate of the differential d and the contraction t a by the function 
t are given by 

Ad(r l )d = v\ a 
Ad(r - 1 )t a = t a - fl b ji c y b 
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Proof. We compute Ad(r )(v r i r ) = £\ jj ad J (-|/ b a c fM a y b y c )(v r i r ): 

= - l -K c y b y c L a + {L c ®i)y c 

where the last term vanishes by the Jacobi identity for g. Similarly 

ad(-/ 6 > c y 6 y d )i a = fLVcy b 
iad 2 (i/ b > cZ/ y) ia = 0. 



□ 



Lemma [5J] has the following interpretation. Consider the natural pairing of Wg with 
the space fi(fl*) = C°°(0*) ® Aq of smooth differential forms on q*. All the operators on 
Wq that we are interested in are dual to certain operators on fl*(g*). In particular, 

, d ^ , d ^ 



and by Lemma |5.1| , 

(10) Adfo-^d = v a i a = -d* 

(11) Ad^Q -1 )^ = L a - f C ab ^l c y b = -(dfi a + La)*. 

Note that f2*(g) with derivations l a = i a + dfi a , L a , d is a G-differential space, so that Wg 
is (in an obvious sense) the dual G-differential space. Letting Mult^y : Wg ® Wg — > Wg 
denote the multiplication in the Weil algebra, the composition t^ 1 o MultvK o(r £g> r ) is 
dual to the co-product fi*(g*) — > f2(fl*) ® ^(fl*) given by pull-back under the addition 
map Add : Q* x g* — >• g*. 
As applications we have: 

Proposition 5.2. For all fixed /i, i/ie element r (yu)(5^ G closed. 

Proof. We verify: 

dr (/i)^(^) = dr (i/)5 M (i/) = T (u)(v a L a )5^(u) = 0. 



□ 



Proposition 5.3. The element 

A = exp(-y a d/i a )r (/!)c^ G Wg ® Q(g*) 

has the properties 

dA o = 0, L a A = -dfx a A . 
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Proof. Since exp(— y a d/i a )5 M G <£> ^(fl*) can be viewed as the kernel of the identity 
map which obviously commutes with contractions and with the differential, this follows 
from Equations ( fLOD and fliTf) . □ 



As another application of Lemma |5J], let us show that Wg is acyclic. The space of 
compactly supported distributions is a direct sum 

£'(g*)=R® £'($*)+ 

where R is embedded as multiples of 5 and £'(g*) + = {u\ (u, 1) = 0} is the space of 
distributions of integral 0. Similarly Ag* = R©(Ag*) + where (Ag*) + consists of elements 
of positive degree, and 

W G = R®(W G ) + . 

Let II : Wq — ► R ^ Wg be projection defined by this splitting. The differential v a i a 
preserves the decomposition and vanishes on R, hence IT is a chain map. 

Proposition 5.4. There exists an odd operator h : Wq — > Wg satisfying 

[h,v a t a ] =w-n. 

Hence h provides a chain homotopy and Wq is acyclic: H(Wg) = R- 

Proof. Under the pairing of Wg with fi(fl*), the projection LT becomes dual to the pro- 
jection map 77 : 0(g*) — > R ^(fl*) induced by the inclusion of the origin. Let 
h Rh : fi*(g*) — > Q*^ 1 (q*) be the standard de-Rham homotopy operator, so that 

(12) [d Rk , h Rh ] = Id -7T. 

Let h : Wg —>■ Wq be minus the dual operator to h . The Proposition follows by taking 
the dual of ([TJ. □ 



An alternative proof of Proposition |5.4j can be given along the lines of Kumar- Vergne 
[[P7]1 , Proposition 18. 

5.2. The non-commutative Weil algebra with generalized coefficients. Just as 
for the usual Weil algebra it is important for applications to introduce generalized coeffi- 
cients in the non-commutative Weil algebra. For this we identify u a with the distribution 
on G, 

d 



Ua = dt 



3exp(te a )i 



t=0 

and extend to an algebra homomorphism U(g) — > £'(G). In this way U(g) is identified 
with the space of distributions on G with support at e. The embedding G — > £'{G), g \— > 
S g satisfies 8 91 * 5 92 = 5 9ig2 where u\ * u% is the convolution of compactly supported 
distributions on G, defined as push-forward under group multiplication. For all u G 
£'(G), 5 g *u = (g ■ u) * 5 g which implies that the Lie derivative is given by a commutator 
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L a u = [u a ,u]. We define the Weil algebra with generalized coefficients as the super- 
algebra 

VV G :=£'(GO®C1( ). 

The operators L a , L a and d extend naturally to Wg and make it into a filtered G- 
differential algebra. As for the commutative Weil model, the multiplication map extends 
to a map 

Mult w : W G xg -> Wg 

given as push- forward under group multiplication on the S'(G x G) factor and by Clifford 
multiplication on the Cl(g x q) factor. Given a G-differential algebra B define the super- 
algebra TCg{B) as the cohomology of the complex (Wg <8> B)b asic , 



H G {B) = H((W G ® B) 



basic ) 



It is a module over the convolution algebra W G (R) — £'(G) G of invariant distributions. 
As in the commutative case, the embedding U(q) > £'{G) induces an embedding Wg — > 
Wg and a map Hg(B) — > Hg(B) for any G-differential algebra B. For any compact 
oriented G-manifold M the integration map descends to a map 



/ : W G (fi(M)) -> 

The Cartan model with generalized coefficients is 

C G (B) = (£\G)®Bf, 



G 



with differential and product structure given by the same formulas as in Section ^. 
Integration over G defines a map 

C G (B) - fi G 

which becomes a chain map if B G is equipped with the new differential 

(13) d + — fabcL a L b L c . 

This map can also be described in the Weil model: Let IT : Wg — * K the composition 
of the horizontal projection Ph or : Wg —>■ £'{G) followed by integration over G. Then II 
defines a map 

II ® 1 : W G <8> B -> B 

which on basic elements agrees, under the isomorphism Ph or <8> 1 : (Wg ® B) G = Cg{B) 
with the map defined above. In particular, the image of any basic element is closed 
under the differential (1131). 
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5.3. The pairing between W G and Q(G). Identify Q*(G) = G°°(G) ® Ag* by means 
of left-invariant Maurer-Cartan forms 9 a , and identify Wg — £'{G) ® Ag using the 
symbol map. In this section we study the pairing between Wg and Q(G) given by these 
identifications. 

We first describe the group analogue of the function To- We will assume that the group 
G is a direct product of a connected, simply connected group and a torus. 

Let Spin(g) be the spin group, defined as the image of so(g) C Cl£^ en (g) under the 
(Clifford) exponential map. The G-action on Cl(g) defines a homomorphism 

g -> so(fl) C Cl(g), n i-> /2 a g a 

where g a was defined in (g). Using the assumption on G it exponentiates to a map 
t : G -> Spin(fl) ^ Cl(fl). Thus 

(14) r(exp fi) = exp(-^f abc /j, a x b x c ) 

which is similar to the definition of r (^). By definition, T{g\)r{g2) = T{g\g2) and 
g ■ x = Ad(r(g))x for all x G Cl(jj). The two maps G — > Cl(fl), g i— > r(gr) and C7 i— > 
S'(G), g i— > 5 9 combine into a map G — > Wg, <7 i— > r(g)8 g . It has the property 

(15) Ad(r(#)cy w = p ■ io 
for all g G G and all w G Wg- 

Proposition 5.5. For all fixed g £ G the element T(g)5 g G Wg closed. 



Proof. Using the fact (]15[) that conjugation by r(g)5 g is the G-action on the Weil algebra, 
and that the element D is invariant, we find 

dr(g)5 g = [D, r(o)5 9 ] = r(g)5 g (g' 1 ■ V - V) = 0. 

□ 

The function r G G°°(G) (g) Cl(g) acts on Wg by multiplication. This action commutes 
with L a since r is equivariant. Let us conjugate the differential and contractions by the 
action of r. Let 9 a and 9 a be the left/right invariant Maurer-Cartan forms on G and let 

V = —fabc9 a 9b9 c 

be the canonical 3-form. It has the property i a r\ = — \d(9 a + 9 a ), from which one deduces 
that setting 

l a = ^a + ^(9 a + 9 a ), L a = L a , d = d + r] 
gives Q(G) the structure of a G-differential space. 



and 
Hence 
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Proposition 5.6. The conjugates by r of the Weil differential and contractions are dual 
to the differential d and contractions Z a on Q(G): 

Ad(r- 1 )(d) = -(d + rj)*, Ad(r- 1 )(. a ) = -(t a + i(0 a + B a )f. 

Proof. The Weil differential is 

d = ad(D) =D L -V R = (x L a u L a - xSa ) + ad( 7 ) 
Since 7 is G-invariant, Ad(r _1 ) ad( 7 ) = ad(7). We have 

Ad(r- 1 )x^ = (Ad 5 -i) a ^, Ad^-^xf = x* 

Ad(r- 1 )^ = u L a - (Ad 9 -i) a ^ L , Ad(r- 1 ) M f = u* - g L a . 

k&{T- l ){u L a X L a -U*X*) 

= « - (Ad 9 - 1 ) a ^ L )(Ad g -i) ar a; r L - (i£ - g L a )x* 

= { U a X a + ljfabc^ a X b X c) ~ { U a X a + ~^ fabc% a X b X c ) 

~l" ~^fabc% a X b 

111 

This result combines with the expression for ad( 7 ) from Proposition [3]3] to 

Ad(r _1 )(d) = llfi + -fabcVaMc + Y^fabcLa^c 

which is indeed dual to —(d + r])*. The calculation for the contractions is simpler: 

1 

which is dual to — (t a + \{6 a + 6 a )). □ 

Proposition 5.7. T/ie element 

A = exp(-x J a )r(^)^ = r(g) exp(-x a 6 a )5 g E VV G <g> 
/ias t/ie properties, 

dA = -77A, i a A - -i(0 o + a )A. 

Proof. This follows from Proposition dU since exp(— x a 9 a )5 g £ Wg <£> is the kernel 
of the identity map. □ 

Let us also describe the co-multiplication on Q(G) which by duality gives rise to the 
multiplication on Wg- 



Ad(r l )i a = (Ad g -i) ab x^ - x* = (Ad fl -i -I)abVb + ^(M,- 1 +I)ab^b 
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Proposition 5.8. Let Multyy : Wg® Wg — > Wg be the multiplication map for the Weil 
algebra. The composition r _1 o Multyy o(r (g> r) : Wg <8> Wg — » Wg «s dna/ to the map 

exp(-hlel) o Mult G : 0(G) - n(G x G) 

where Mult© : G x G ^ G is the group multiplication and the superscripts denote 
pull-backs to the respective G-factor. 

Proof. Since t~~ 1 A 1 A 2 is the kernel of the multiplication map on Wg, it suffices to show 
that 

A 1 A 2 = exp(-i^^)(l®Mult G )A. 

Write A 1 = exp(— x a 9 1 a )r(gi)5g 1 and similarly for A 2 . We calculate: 
A*A 2 = exp(-x a 9 a )T(g 1 )S gi exp(-x b e b )T(g 2 )5 g2 

= exp(-xj a ) exp(-x b (Ad gi ) cb e c )T(g 1 )5g 1 T(g 2 )5 g2 

1 —i 2 1 —2 

= exp(--0 a (Ad j?1 ) 6a b ) exp(-x a {6 a + {kd. gi ) ha 6 b ))T{gig 2 )8 gig i 

= exp(-i^)(l®Mult£)A 
For the last equality we used that 

Mul 

and for the third equality we used that 

exp(«ix a ) exp(/€ 2 x a ) = exp(--K^) exp((/^ + K 2 )x a ) 
if k 2 are elements of a commutative super-algebra. □ 

6. The quantization map Q : Wg — > Wg 

In this Section we construct an explicit isomorphism of Wq and Wg as G-differential 
spaces. Notice that by contrast, the exterior algebra Ag* and the Clifford algebra Cl(g) 
are not isomorphic as differential spaces (unless g is abelian): As we have seen the 
cohomology of (Cl(g), ad(7)) is trivial in all degrees while the cohomology (Ag, d) for the 
Lie algebra differential is not. 

6.1. The Duflo map. The Birkhoff-Witt symmetrization map S(q) — > U(g) is the 
unique G-module isomorphism sending (fi a v a ) k to (fi a Ua) k , for all k > and all \i G g. 
Under the identification of U (g) with distributions on G supported at the identity, and 
S(g) with distributions on g supported at 0, this isomorphism is induced by push-forward 
under the exponential map: exp^ : £'(g) — > S'{G). 

Duflo |7j introduced a different isomorphism S(g) = U(g) given by composition of 
exp^ with multiplication by the square root of the Jacobian of the exponential map, 



Mvit* G e a = e 1 a + (Adg 1 ) ba el, 
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J 2 : g — > R. (Recall that the Jacobian J has a globally defined smooth square root J a 
with Jt(0) = 1.) The Duflo map 

Duf := exp^ o J 2 

has the important property that it induces an algebra isomorphism S(g) G — > £/(g) G . We 
will also refer to the map Duf := exp^ o J2 : £'(g) — > £'{G) as the Duflo map; it restricts 
to a ring homomorphism for the convolution algebras, £'{g) G — > £'{G) G . 

Combining the Duflo map with the inverse of the symbol map, and using the inner 
product to identify g = g*, we obtain a map between Weil algebras 

(Duf xct- 1 ) : W G -> VV G . 

In the following Section |6.2| we show that one can do much better: There exists a map 
Q : Wg — > Wg which we call the quantization map such that Q is a homomorphism of 
G-differential spaces. 

6.2. Quantization of Weil algebra. The definition of the quantization map Q : Wg — > 
Wg involves a certain skew-symmetric tensor field T ab , given as follows. Let g# C g 
be the open subset on which the exponential map is a local diffeomorphism, that is 
g# = g\J _1 (0). Let be the left-invariant vector field on G which equals e a at the 
group unit, and the corresponding right-invariant vector field. It turns out (see 
Appendix A) that at any point ft E g#, the pull-back of the half-sum e '^ e ' under the 
exponential map differs from the constant vector field ^— only by a vector tangent to 
the G-orbit through /1. It follows that there is a unique tensor field T : g # — > g ® g such 
that T(/i) takes values in g^ ® g-^ and 

(16) exp .(£i±££)_|_ = Tal(et)g . 

We verify in Appendix A that T is explicitly given as 

T e G°°(g # , g ® g), T ab (fi) := f{^) ab . 
where f(s) is the function 

11 s 

f(s) = cotanh (-). 

JK ' s 2 v 2 ; 

In particular T ab = —T^. The product J2" exp ( — \T ab L a L b ^ is a smooth function on g 

with values in operators on Wg, since the zeroes of J2 compensate the singularities of 
T. The main result of this paper is presented in the following Theorem. 

Theorem 6.1. The quantization map 

Q := (Duf xa- 1 ) o exp ( - -T ab t a t b ^ : W G -> VV G 
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is a homomorphism of G -differential spaces. That is, Q satisfies 

QoL a = L a oQ, QoL a = L a oQ, Qod=doQ. 

Proof. The properties Q o L a = L a o Q and Q o i a = i a o Q is obvious. Let us show that Q 
is a chain map. For clarity we denote the differential on Wg by d w and the differential 
on W G by d w . 

We want to compare the expression for d w obtained in Proposition |3.71 to 
(17) Ad(j5exp(-ir a ^))d w 
Using the invariance property [Lj <g> l,T a b] + fj ar T r b + fjb s T as = we compute: 

= ~~ 2 dfi LrLsLa ~^ rs f abc \ t " rljs i yi>Uc\ L a ~ T rs L r [t s , yj] Lj (g> 1 — — [T rs , Lj ® 1] yji r i s 

1 c)T 1 

2 L r L s L a f ajkJ^rjVk^T^a "^^bcfabc^a f jrk^ksV jL r l s T r jL r (Lj <S> 1) 
~^Tbcf abc^a 2~9yU ^ r ^ s ^ a T r jl r (Lj <S) 1), 

— ad 2 (-^T a6 t a t 6 )d w 

~^T r jTk v fj ll kL r l u l v . 

It follows that Ad(exp(— |T a ;,6 a <,6))d H/ is given by the formula 

In Appendix A we show that the tensor field T a b is a solution of the classical dynamical 
Yang-Baxter equation 



Cyd^ h T ar f r b s T s ^j — —fabc 



r\ 1 "~ (*'/ J I US St. I I * ■ 

a/i c / 4 

where Cycl afec means the sum over cyclic permutations of the indices a, 6, a Therefore, 

Ad (e-^^)^) = d W - T afe (L 6 ® l)t a - ^Uciaibic - \fabcT hc l a - 

Conjugating further by adds \^^- to this expression. As shown in Appendix |A|, the 
derivatives of J can be expressed in terms of the tensor field T a {, as follows: 

f t 9lnJ -n 

Jabc ± bc o 
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Hence, 



i w 

1 



Ad (jhe-hTob^d 1 

= d W — T ab {L b (g) l)i a — —fabc^a^b^c 
= Va{L a ® 1) + (v a - ^(Lft ® 1) - -fabcVbUc^a ~ ^fab^a^c- 



The definition of T implies that 

o exp* = exp,, o(v a - T ab (L b <g> 1)) 



Together with Proposition |3.7| this shows that 

exp, o Ad (W^'^d^ = d w o exp„, 

which means that Q is a chain map. An alternative proof of this fact will be given in 
Section [?]. □ 

Remark 6.2. Notice that the quantization map restricts to the Duflo map Duf : £'(g>) — > 
£'{G) on the subalgebra £'{q)®1 C Wo, and to the inverse of the symbol map cr on 1(g) Ag. 
Furthermore, Q restricts to an isomorphism of G-differential spaces Q : W^g — ► VVg- 

As a direct consequence to Theorem |6.1] , we have: 

Corollary 6.3. For any G- differential algebra B, the quantization map Q induces a 
linear isomorphism Hg{B) = H.q(B) and a linear map Hg{B) — > 7{g{B). 

6.3. Quantization map in Cartan model. Suppose that B is a G-differential algebra. 
The following proposition describes the chain map 

basic ' basic- 

induced by Q in terms of the Cartan model: 
Proposition 6.4. The chain map between the Cartan models 

{£'{q) <g> B) G -> (£'(G) (g) 5) G 

induced by Q is given by 

Duf o exp ( - -1^(1 (g) fc a ^)) • 

Proof. We have to show that on the subspace of basic elements (Wq <g> B) basic , 

(P hor <8> 1) o Q = Duf o exp ( - ^T ab (l <g> 6 a 6 b )) o (P ftor <g> 1) 

Since basic elements are in particular horizontal, the operator exp ( — \T ab (L a L b g) 1)) 
appearing in the definition of Q can be replaced with exp ( — \T ab {l ® t a ^6)) , which then 
commutes with Ph or <8> 1 • □ 
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7. The transpose of the quantization map 

Let zu G fi 2 (g) be the image of the closed form exp* r\ G ^ 3 (g) under the de Rham 
homotopy operator — > Explicitly, 



where g(s) is the function 



= -ifi'(ad M ) ab d/i a d/i f) 



sinh(s) — s 
= ~ 2 • 



Theorem 7.1. Under the pairings of Wq with fl(g) and ofWc with £l(G), the compo- 
sition r^ 1 oQor is dual to the map 

e ro oexp* : Q(G) -> 

Since this map is a chain map for the differentials d on an d d + 77 on fi(Cr), 

this gives an alternative proof of the fact that Q is a chain map. To prove this result 
note that r _1 Q(A ) G Wg <8> ^(fl*) is the integral kernel of the quantization map, while 
t -1 exp* A is the kernel of the map exp^ : Wq — > Wg- Hence, the theorem will follow 
once we show that <2(A ) = e ro exp* A. 

We begin by computing the quantization of the form To(//)5 M . This will require the 
following Lemma. 

Lemma 7.2. Let V be an oriented Euclidean vector space of even dimension dimV = 
2n, and suppose S G so(V) is invertible. Let e± . . . e 2n be an oriented orthonormal basis 
of V . Then 

11 1 

exp(-(S' 1 ) ab L a L b ) exp(-S ab e a A e b ) = e x A . . . A e 2n 



Pf(S) ^ V 2 V /—/—^v 2 
where Pf(S') is the Pfaffian of S. 

Proof. Block-diagonalizing S one reduces the Lemma to the case dim V = 2 and Su = 
S 2 2 = 0, = —S21 = s. In this case the equation becomes 

- exp{-LiL2) exp(sei A e 2 J = e\ A e 2 
s s 

which follows immediately by writing exp(sei A e 2 ) = 1 + se\ A e 2 and exp(-£iA 2 ) = 
1 + -iH2- □ 



Proposition 7.3. For all /i G g ; 

Q To(^)^ = r(exp/i)<5 cxpM . 
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Proof. Recall that the set of regular elements G reg is the set of all elements whose sta- 
bilizer is a maximal torus. Since both sides depend continuously on /i we may assume 
H e exp~ 1 (G reg ). 

Choose any orientation of g-h. We will apply the Lemma with V = g^. Let Pf j- 
denote the Pfaffian of an operator on the orthogonal complement of g M = ker(ad At ) 
(using the metric induced from g and any choice of orientation). The operator ad M has 
kernel ker(ad M ) = g^ and is invertible on g^. The square root of the Jacobian of the 
exponential map is a quotient of two Pfaffians (see e.g. jnj], p. 105): 

det^ ± (2sinh(^) 

J2(/X) = 



det^ ± (ad M ) 



Consider the skew-symmetric tensor fields r G C 00 (g reg , g A g) and r G C 00 (G reg , g A g) 
on the set of regular elements g reg resp. G reg introduced in the Appendix. 
We can re-write the quantization map as 

,ad,, 



where 



and 



Q = (exp, xa' 1 ) d et^(cosh(^))T- 1 T 



% = r- exp(-^(r ) a 6io^) 

det^(^) 2 



^ 1 /In 

* = 1 — exp(--r afe 6 Q t 6 J 

det 5 Jtanh(^)) 2 



As a special case of ||, Proposition 3.13, the symbol of r is given by 
(18) a{r{g)) = det^ ( cosh (^)) exp ( - (^zl)^) 

where g = exp(/x). Together with Lemma |T72] this shows det 5 (cosh(^ ii ))7oro = Ta(r). 

□ 



Proposition 7.4. The image of A under the quantization map is given by 

(Q ® 1)A = exp(ro) (1 ® exp*)A. 

Proof By continuity it suffices to verify the equation on the open dense subset g reg of 
regular elements of g. We define 1-forms K a e $7 1 (g reff ) by 

«0 : = (^o)afed/Xft. 

At any point fi e g reg we have a decomposition of the tangent space into the spherical 
part, i.e. the tangent space to the orbit (T^g) sp = im(ad M ), and its orthogonal comple- 
ment, the radial part (T^g) rad = ker(ad M ) (spanned by the Cartan subalgebra containing 
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ji). Correspondingly every vector field on Q reg , and dually every 1-form, decomposes into 
radial and spherical part. The spherical part is spanned by the forms K a . We have 

(dfi a yv = (ad M ) afc « 6 , (exp*0 a )* = (1 - e~^) ab K b 

while 

(dfi a y ad = (ex P *e a y ad . 

Then the definition of w can be re-written w = w 2 — vj\ where 

1 

2 1 



©2 = --(sinh(ad At )) afe /« a fi: b , 



tz\ = -7r(ad M ) o6 K a K6- 



The form W\ G Q- (Q reg ) combines nicely with A : 

1 
2 

1 



exp(G7i)A = exp(tui - j/ a d/i a - -fabc^aUbVc) Sf, 



= exp(-y a (d/j, a ) ra ) exp(--f abc /j, a (y b + K h ){y c + k c ))5^ 

(19) = exp(-y a (rf/i a ) rad )exp(K a t a )r (/i)(5 M . 

We will see that there exists a similar expression for exp(w2) exp* A. We will need the 
following 

Lemma 7.5. Let V be an oriented Euclidean vector space, and S G so(V). Let x a G 
C1(V) be the generators corresponding to some choice of oriented, orthonormal basis of 
V , and let K a be odd elements in some commutative super-algebra A. Then the following 
identity in C\(V) ® A holds: 

1 1 

(20) exp(-L a n a ) exp (-S ab x a x b ) = exp(zu 2 ) exp(-x r 7 r ) exp (-S ab x a x b ) 

where 7 r = (1 — e s ) rs n s and zu 2 = ^(smh(S)) ab K a K b . 

Proof. Block-diagonalizing S we can assume dimV = 2 and that S± 2 = —S 2 \ = s and 
Sn = S 22 = 0. Then 

I s s 

exp(-S ab x a x b ) = exp(sxix 2 ) = cos(-) + 2 sin(-)xix 2 . 

Furthermore, w 2 = sin(s)KiK 2 and 

7! = 2 sin(s/2)(sin(s/2)/t 1 — cos(s/2)«;2), 
72 = 2 sin(s/2)(sin(s/2)K 2 + cos(s/2)ki). 

Equation fl2"0|) becomes 

(1 + Kiii + k 2 i 2 - /ciAC 2 iiA 2 )(cos(s/2) + 2 sin(s/2)xix 2 ) 

= (1 + sin(s)/ci/c 2 )(l - tfi7i - x 2 7 2 - XiX 2 7i7 2 )(cos(s/2) + 2 sin(s/2)xix 2 ) 
which is verified by an elementary calculation. □ 
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Using the Lemma, we can write 

(21) exp(ro 2 ) exp* A = exp(-x a exp* W^) exp(/t a 6 a )r(exp /x)5 expAt . 

Since the quantization map is equivariant, and since it intertwines the contractions on 
W G and >V G , Equations (|B5p, (0) show that 

Q(e roi A ) = e ro2 exp*A. 

□ 

8. Ring structure 

In the Section ^| we established that the quantization map induces maps in coho- 
mology Q : H G (B) — > H G (B) and Q : H G (B) — > H G (B). Are these maps algebra 
homomorphisms? 

To answer this question let us introduce two homomorphisms of G-differential algebras. 
0i,02 : W g ®W g ^Wg by 

01 = Mult w o(Q®Q), 

2 = QoMuhV- 

Theorem 8.1. The maps 0i,02 : W G <8> W G — > G-chain homotopic (cf. Def- 

inition \2.8j) . They restrict to G-chain homotopic maps W G ® VFg "~ > Wg- follows 
that for any G- differential algebra B, the quantization map induces a ring isomorphism 
H G (B) — > 7i G (B) and a ring homomorphism H G {B) — > 7i G {B). 

Taking B to be the trivial G-differential algebra B = K. we recover the fact that the 
Duflo map induces a ring homomorphism S'(q) g — > S'(G) G and a ring isomorphism 
(Sq) g ^U(q) g . 

Proof. For j = 1, 2 let /C,- G W G ® 0(g x g) be defined as 

= i (A o ® Ao). 

then T _1 /Cj are integral kernels for the maps (f)j. From the fact that these are chain maps 
intertwining contractions, one obtains 

dJCj = 0, iJZj = - Add* g (dfjL a )K,j. 

Since Multvy(A ® A ) is just (1 <S> Add*)A (pull-back under the addition map Add 8 : 

K 2 = Add* s Q(Aq) = Add* (e ro exp* A). 

Notice that e ro exp* A is an invertible element of the algebra W G <8> ^(fl), and the same 
is true for its pull-back under Add . Hence /C^ 1 is defined, and the product 

N = K^K X eW G ® Q{g x ) 
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is G-basic. Since <pj(l <8> 1) = 1 for both j = 1, 2, the pull-back of both K.j, hence also of 
M to the origin in g x g is the identity element 1 G W G - Since g x g retracts equivariantly 
to the origin, it follows that there exists an odd element T G (Wg <8> ^(fl x 8)) basic with 
M = 1 + dr. Multiplying this identity by K2 we find 

/c 2 = /c 1 + d(/c 2 r). 

The element /C 2 r has the property 

i a (/c 2 r) = -d/i a (/c 2 r). 

Consequently, r _1 (/C 2 r) is the kernel for an odd linear map 

h : W G ®W G ^W G 

that provides a G-chain homotopy between 0i and 2 . We notice that h restricts to a 
G-chain homotopy Wq ® — > Wg between the restrictions of 0i and 2 . □ 



Remark 8.2. The first part of Theorem |3.rj shows more generally that if B is a C7 x G- 
differential space, the natural diagram 

Hgxg(B) >H G (B) 



n GxG (B) >H G {B) 

where the vertical arrows are quantization maps and the horizontal arrows are induced 
by multiplication in the Weil algebras, commutes. 

The simplest non-trivial example illustrating the ring isomorphism H G (B) = 7i G {B) 
is the rotation action of G = SU(2) on the 2-sphere S 2 C M. 3 . As is well-known, the 
equivariant cohomology H G (Q(S 2 )) as an algebra over M is a polynomial ring in one 
generator [u] of degree 2. We can normalize [u] by the condition [u] 2 = [A] where 
A = v a v a G S(g) is the generator of the ring of invariant polynomials. Let us verify 
explicitly that Q{[uj} 2 ) = Q(M) 2 . 

To describe a representative for [u] let us choose the basis of g according to the 
standard identification su(2) = M 3 , so that the structure constants are given by the 
totally anti-symmetric tensor f a b c = e a b c - Also, let us view S* 2 as the unit sphere in IR 3 , 
with coordinates n a . In the Cartan model, a representative for [u] is given by 



w = -fa bc n a dn b dn c + n a v a . 



The representatives satisfy 



lu 2 = A + d G (f abc v a n b dn c ) 
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The image of A under the quantization map, which on (Sq) g restricts to the Duflo map 
Duf , is the quadratic Casimir, 

Q(A) = u a u a + i G U(g) G . 
Applying the quantization map to u, one obtains 

Q(u>) = ^f abc n a dn b dn c + n a u a . 

Using 

^(^QH) 2 = \n a n a = 1 

a,/3 

we find that the square of Q(cu) with respect to the ring structure is 



8 



= u a u a + d G (f abc u a n h dn c ) + l - 

= Q(A) + d G (f abc u a n h dn c ) = Q(cu 2 ). 

Appendix A. Properties of the tensor T ab 

In this Section we prove the properties of the tensor field T which were used in this 
paper. Let us first verify that the definition T(/x) = /(ad M ), where 

11 s 
^ = ~s ~ 2 COtanh ^2^' 
coincides with the definition given in the text. 

Lemma A.l. The half-sum of the left- and the right-invariant vector fields satisfies 

L , R a 

(22) exp* ^±^ = ^-+ Tab (e b ) 9 . 

Proof. Consider the function g(s) = — - . The right-invariant Maurer-Cartan form 9 
has the property exp* 9 a = (^(ad^))^^. Hence the right-invariant vector field satisfies 

d d 
exp*(ef) = (g(&d^)) ba — = (g~\&d^)) ab —. 

where g(s) = g(—s). Similarly 

d 



exp*(e a L ) = (^(ad/O) 



ab~. 



<9/V 

From this the Lemma follows since 1 + sf — (g' 1 + g~ 1 )/2. □ 
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Lemma A. 2. The derivative of the Jacobian of the exponential map is given by the 
formula 

din J _ 

n Jabc-'-bc- 

Proof. It is well-known (see e.g. ||11|| , p. 105) that J (fx) = det(g(ad M )) with g as in the 
proof of the previous Lemma. Therefore 

d In J d . , . 

"a = 7T~ hi(det(^(ad M ))) 

= ^ tr ( ln (3( ac W)) 

( 9 
= tr (In g) (ad M ) — (ad p 

= /afe c ((ln5') / (ad Ai ) 

V /be 

Since the anti-symmetric part of (In g)'(s) = (e s — — s" 1 is equal to / the final result 

IS fabcTbc- □ 

The most interesting and most complicated property of T is the following result: 

Lemma A. 3 (Etingof-Varchenko ||). The tensor T is a solution of the classical dy- 
namical Yang-Baxter equation with coupling constant 1/4: 

dTh 1 

(23) Cycl abc ( — h T ar f rbs T sc ) = - fabc-, 

0\X a 4 

where Cycl abc denotes the sum over cyclic permutations of a, b, c. 

This solution of the classical dynamical Yang-Baxter equation was obtained by Etingof- 
Varchenko as part of their general classification scheme, see ||, Theorems 3.1 and 3.14. 
The remainder of this section is devoted to a direct proof of (p3[), based on the orthogo- 
nal decompositions of vector X fields on g* eg resp. G reg into spherical and radial parts, 
X = X sp + X rad . Here the spherical part X sp is by definition tangent to orbits and 
the radial part X rad orthogonal to orbits. Both radial and spherical vector fields are 
Lie-subalgebras of the Lie algebra of vector fields. It is convenient to introduce certain 
canonical skew-symmetric tensor fields r G C°°(g* , gAg) and r G C°°(G re g, gAg) on 
the set of regular elements Q* eg resp. G reg . Recall that Q* eg is the set of all \i G g* eg such 
that the stabilizer under the coadjoint action has minimal dimension (so that it is a 
maximal torus of G). For all fi G Q* the operator ad M (where we use the invariant inner 
product to identify g* = g) is invertible on the subspace g^\ Let ad" 1 : g — » g be its 
extension to an operator on g, defined to be on g M . We set 

(24) tb(^)o6 = ad~ 1 (e a ) -e 6 . 

We remark that the definition of to is in fact independent of the inner product on 
g. Viewing to as a 2-form on g* eg , it restricts to the Kirillov-Kostant-Souriau form 
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on coadjoint orbits. The subset G reg consist of all g G G such that the stabilizer G g 
is a maximal torus. Writing g = exp \x the exponential map gives an isomorphism 
g j = T g (G ■ g) = T M (G • fi) = gj; C g. The skew-symmetric operator tanh(^) is 

invertible on gj; = g^. Let ^tanh(^)^ be the extension of this inverse by to an 
operator on all of g, and put 

(25) t(g) ab = i ( tanh(^) ) e a ■ e b . 
Then 

(26) T ah = (t ) ab - exp* t ab 

over exp -1 (G> e9 ) C g reg - Next, we examine the properties of the tensor fields to and r. 
Lemma A. 4. The tensor field t G C°°(g reg , A 2 g) satisfies the equation 

Cyc\ abc ((^-) rad (r ) bc + (t )afc/fc«(tb)ic) = 0. 

Proof. We begin begin by observing that at any point ji G g reg , the tensor Cycl afec (. . . ) 
on the left hand side of this equation takes values in A 3 $j^. This follows because t (/i) 

takes values in A 2 $j^, and the same is true for radial derivatives (^-) mc! (ro)(/u). 

We calculate the spherical part of [^-, ^-] in two ways. First, since partial derivatives 
commute we have ([^~^-^}) sp — 0. On the other hand, decomposing into radial and 
spherical parts we have 

By definition of to, the spherical part of is (to) ab (e b ) g . Since to is equivariant, 

(^a)g(^o)bc + fabk(*o)kc + facl(*o)bl = 0. 

Hence the first term becomes 

K^-r, (^H = [(*o)ar(e r ) g , (tb) ta (e.)J 

sc \ K^cjg- 

The second term and third term add up to 

Since ((^-) rad (t ) a b) (e c ) = by orthogonality of radial and spherical vector fields, this 
can also be written 

CycU c ((^r d (t ) bc )(e c ) g . 
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We have thus shown 

Cycl afec ((^-) rad (to) fec + (?o)akfkbi(*o)icY e c)s = °- 
which proves the Lemma since the vector fields (e c ) g span for all /i G Q reg . □ 

Lemma A. 5. The tensor field r G C co {G Tegi A 2 g) satisfies the equation 

tfc + *akfkbl*lc^ — -^fabc- 

Proof. Since T a b = (to) a b — exp* t a b, Equation fl22| ) shows that the spherical part of 6a ^ e " 
is given by 

^ 2 j - *ab{e b ) G . 

Using this Equation the proof of Lemma |A.5| becomes parallel to that of Lemma |A.4 - 
the only difference being that 



r e L n +e* e^ + e^ 1 

-7jabc{e c )G- 



2 2 J 4' 

which accounts for the term |/ a b c on the right hand side. □ 

Proof of Equation (^3). As a consequence of Equation (J?2"D, the pull-back to $ _1 (G> e9 ) 
of the radial part of 6 ° ^ " is equal to the radial part of Hence, combining Lemmas 
|A4] and [A5] we find that 

(27) Cycl afec ((^7T") radT ^ + (*o)akfkbi(*o)ic ~ exp* r afc / fcM exp* t /c ) = -/ o6c 
The equivariance property of T shows that 







(a — ) Tb c — (Xo)ar(e r ) S Tb c 

(^o) ar^frbsTsc frcsTbs) 
— ~ 2(to)ar/rfes(^o)sc + {^o)arfrbs exp* X sc + exp* Xb T fresco) sa- 

Taking the sum over cyclic permutations of a,b,c, adding to fl2"T|), and using T ab = 
(^o)a6 — exp* t a b we obtain the identity (^). □ 
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